In this paper we generalize the result valid for associative rings due [6, Martindale III] and [1, Brešar] to alternative rings. Let R be an unital alternative ring, and D : R → R is a Lie multiplicative derivation. Then D is the form δ+τ where δ is an additive derivation of R and τ is a map from R into its center R , which maps commutators into the zero.
Alternative rings and Lie multiplicative derivation
Let R be a unital ring not necessarily associative or commutative and consider the following convention for its multiplication operation: xy ·z = (xy)z and x · yz = x(yz) for x, y, z ∈ R, to reduce the number of parentheses. We denote the associator of R by (x, y, z) = xy · z − x · yz for x, y, z ∈ R. And [x, y] = xy − yx is the usual Lie product of x and y, with x, y ∈ R. Let R be a ring and D : R → R a mapping of R into itself. We call D a Lie multiplicative derivation of R into itself if for all x, y ∈ R A ring R is said to be alternative if (x, x, y) = 0 = (y, x, x) for all x, y ∈ R. One easily sees that any associative ring is an alternative ring. An alternative ring R is called k-torsion free if k x = 0 implies x = 0, for any x ∈ R, where k ∈ Z, k > 0, and prime if AB = 0 for any two nonzero ideals A, B ⊆ R. The nucleus of an alternative ring R is defined by N (R) = {r ∈ R | (x, y, r) = 0 = (x, r, y) = (r, x, y) for all x, y ∈ R}.
And the centre of an alternative ring R is defined by Z(R) = {r ∈ N | [r, x] = 0 for all x ∈ R}. It is known that alternative rings are flexible. Proposition 1.1. Let R be a alternative ring then R satisfies (x, y, z) + (z, y, x) = 0 f or all x, y, z ∈ R .
Proof. Just linearize the identity (x, y, x) = 0.
A nonzero element e 1 ∈ R is called an idempotent if e 1 e 1 = e 1 and a nontrivial idempotent if it is an idempotent different from the multiplicative identity element of R. Let us consider R an alternative ring and fix a nontrivial idempotent e 1 ∈ R. Let e 2 : R → R and e ′ 2 : R → R be linear operators given by e 2 (a) = a − e 1 a and e ′ 2 (a) = a − ae 1 . Clearly e 2 2 = e 2 , (e ′ 2 ) 2 = e ′ 2 and we note that if R has a unity, then we can consider e 2 = 1 − e 1 ∈ R. Let us denote e 2 (a) by e 2 a and e ′ 2 (a) by ae 2 . It is easy to see that e i a · e j = e i · ae j (i, j = 1, 2) for all a ∈ R. Then R has a Peirce decomposition R = R 11 ⊕ R 12 ⊕ R 21 ⊕ R 22 , where R ij = e i Re j (i, j = 1, 2) [4] , satisfying the following multiplicative relations:
. In this paper we consider that R is 2, 3-torsion free alternative ring with satisfying: (1), (2) , (3) . In deed, we firstly show (1) .
Let be x ij R ji = 0 so x ij (R e i ) = 0. As R is 3-torsion free alternative ring and e i is a nontrivial idempotent we have x ij = 0, by Theorem 1.1.
(2) If x 11 R 12 = 0 or R 21 x 11 = 0 so x 11 (R e 2 ) = 0 or (e 2 R )x 11 = 0. Thus x 11 = 0 because e 2 is a nontrivial idempotent. (3) It is similar to (2) .
Proof. We will prove only (♠) because (♣) it is similar to (♠). For any x 11 ∈ R 11 and y 12 ∈ R 12 , by Proposition 1.1 we have (a 11 x 11 )y 12 = a 11 (x 11 y 12 ) = (x 11 y 12 )a 22 = x 11 (y 12 a 22 ) = x 11 (a 11 y 12 ) = (x 11 a 11 )y 12 .
It follows from (2) that a 11 x 11 = x 11 a 11 . Now for any x 12 ∈ R 12 and y 22 ∈ R 22 , by Proposition 
Thus a 11 + a 22 ∈ Z(R ).
Proof. We will make just the case i = 1, j = 2 because the other case it is similar. For any a ∈ Z(R 12 ) with a = a 11 +a 12 +a 21 +a 22 we have [a, r 12 ] = 0 which implies [a 11 + a 22 , r 12 ] = 0 and a 21 r 12 = 0 for all r 12 ∈ R 12 . By item (♠) of the Proposition 1.2 and item (1) follows that a 11 + a 22 ∈ Z(R ) and a 21 = 0. Therefore a = a 11 + a 12 + a 21 + a 22 = a 12 + a 11 + a 22 ∈ R 12 + Z(R )
There are several results on the characterizations of Lie derivations on associative rings. The first characterization on Lie derivations is due to Martindale III, see [6] , who proved the following result in 1964.
Theorem 1.2. (Martindale III) Let L be a Lie derivation of a primitive ring R into itself, where R contains a nontrivial idempotent and the characteristic of R is not 2 then every Lie derivation L of R is of the form L = D+T , where D is an ordinary derivation of R into a primitive ringR containing R and T is an additive mapping of R into the center ofR that maps commutators into zero.
In 1993, Brešar generalized the above characterization of Lie derivations on primitive rings to those on prime rings, see [1] . He obtained the following theorem for associative rings. As for characterizations on Lie derivable mappings on operator algebras, the following result is proved in [5] . In view of the above, this motivated us to study the characterization of Lie multiplicative derivation on alternative rings.
Main theorem
We shall prove as follows the main result of this paper. Firstly let us assume that Lie multiplicative derivation D : R → R satisfies a) and b). The following Lemmas has the same hypotheses of Theorem 2.1 and we need these Lemmas for the proof of the first part this Theorem. Thus, let us consider e 1 a nontrivial idempotent of R. We started with the following Before we continue it is worth noting that
is a derivation, by [77 page of [7] ], so without loss of generality, we can assume that D (e 1 ) ∈ Z(R )
Proof. We show just the case i = 1 because the other case can be treated similarly. For every a 11 ∈ R 11 , with D (a 11 ) = b 11 + b 12 + b 21 + b 22 we get
From this b 12 = b 21 = 0. By Theorem 2.1 item a), we have D (a 11 ) = b 11 + e 2 D (a 11 )e 2 = b 11 + ze 2 = b 11 − e 1 z + z ∈ R 11 + Z(R ).
Lemma 2.4. D is almost additive map, that is, for every
Proof. For proof to see Theorem 4.1 in [3] . Now let us define the mappings δ and τ . By Remark 2.1 and Lemma 2.3 we have that
We note that in (B), b ii and z are uniquely determined. Indeed, if
Hence by conditions (2) and (3), b ii = b ′ ii and z = z ′ . Now we define a map δ of R according to the rule δ(a ij ) = b ij , a ij ∈ R ij . For every a = a 11 + a 12 + a 21 + a 22 ∈ R , define δ(a) = δ(a ij ). And a map τ of R into Z(R ) is then defined by
We need to prove that δ and τ are desired maps.
Lemma 2.5. δ is an additive map.
Proof. We only need to show that δ is an additive on
Proof. Let us start with (I)
Now we show (III). By Proposition 1.1 and (I) we get
On the other hand,
As R is 2-torsion free it's follow that δ(a ij b ij ) = δ(a ij )b ij + a ij δ(b ij ). And finally we show (V ). We have
By (II) we have
Now we observe that δ(
Since R is 2-torsion free we get δ(
. So a ij z = 0 but by (4) we have zh = e 1 + e 2 and a ij = 0 which is a contradiction. Therefore δ(a ij b ji ) = δ(a ij )b ji + a ij δ(b ji ). Proof.
Let us assume that D : R → R is a Lie multiplicative derivation of the form D = δ + τ where δ is an additive derivation of R and τ is a map from R into its center Z(R ), which maps commutators into the zero. So e 2 D (a 11 )e 2 = e 2 δ(a 11 )e 2 + e 2 τ (a 11 )e 2 = e 2 δ(e 1 a 11 )e 2 + e 2 τ (a 11 )e 2 = e 2 (δ(e 1 )a 11 + e 1 δ(a 11 ))e 2 + e 2 τ (a 11 )e 2 = e 2 (δ(e 1 )a 11 )e 2 + e 2 (e 1 δ(a 11 ))e 2 + e 2 τ (a 11 )e 2 = (e 2 δ(e 1 ))(a 11 e 2 ) + (e 2 e 1 )(δ(a 11 )e 2 ) + e 2 τ (a 11 )e 2 = e 2 τ (a 11 )e 2 ∈ Z(R )e 2 . And we finished the article with an application on simple alternative rings. Proof. It is enough to observe that every single ring is prime and Z(R ) is a field.
